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Abstract: As shown by Epstein and Glaser, the operator valued distribution (OPVD) formalism 
permits to obtain a non-standard regularization scheme which leads to a divergences-free quantum 
field theory. We show, with the example of a scalar quantum electrodynamics theory, that Gaussian 
functions may be used as test functions in this approach. After a short recall about the OPVD 
formalism in 3 + 1-dimensions, Gaussian functions and Harmonic Hermite-Gaussian functions are 
used as test functions. The vacuum fluctuation, Feynman propagators and a study about loop 
convergence with the example of the tadpole diagram are given. The approach is extended to Quantum 
Electrodynamics. Calculations concerning triangle anomaly  and Ward-Takahashi identity are 
performed in the framework of the method. 
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1. Introduction 
 
   Divergences appear when calculating S-matrix in Quantum Theory [1-3]. Many approaches have 
been considered to deal with this problem.  
The standard renormalization techniques based on the dimensional regularization and Cut-Off method 
has been used [1-2-4]. Operator Valued Distribution approach (OPVD) developed by Epstein and 
Glaser [5] based on the mathematical theory of distribution is considered in our paper.  
In this work, we denote the quadri-momentum by ?̅? = 𝑝ఓ𝑒ఓ 𝑓𝑜𝑟 𝜇 = 0,1,2,3 where {𝑒ఓ} is a basis in 
the Minkowski space and the tri-momentum by 𝑝 = 𝑝௜𝑒௜  𝑓𝑜𝑟 𝑖 = 1,2,3  in which  {𝑒௜} is the 3-
dimensional Euclidian basis.  The corresponding scalar products are 𝑝 ഥ . ?̅? = 𝑝ఓ𝑥ఓ and 𝑝. ?⃗? = 𝑝௜𝑥௜.  
In the Minkowski space with signature (1, 3), the field is defined by  
 
                                                             𝝓(?̅?) = 〈𝕋௫̅𝚽, 𝑔〉                                                                            (1.1) 
in which 
 𝑔  is a test function  
 𝚽 is an OPVD [5-9]: it is an operator on a Fock space and a distribution acting on the set {𝑔} of 
test functions. 
     𝕋௫̅    is the translation operator defined by the relations 
 ൜ 𝕋௫̅𝑔
(𝑦ത) = 𝑔(𝑦ത + ?̅?)
〈𝕋௫̅𝚽, 𝑔〉 = 〈𝚽, 𝕋ି௫̅𝑔〉
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The explicit expression of the field is [7] 
                            𝝓(?⃗?, 𝑡) = න
𝑑ଷ𝑝
൫√2𝜋൯
ଷ
1
√2𝜔
ൣ𝒂(𝑝)𝑒ି௜௣̅.௫̅ + 𝒃ற(𝑝)𝑒௜௣̅.௫̅൧𝑔෤(𝜔, 𝑝)                                   (1.2) 
in which 
 
 𝒂(𝑝) and 𝒃ற(𝑝) are respectively particle annihilation and antiparticle creation operators 
satisfying the commutation relations 
                                         ൞
ൣ𝒂(𝑝), 𝒃ற(?⃗?)൧ = [𝒂(𝑝), 𝒃(?⃗?)] = 0              
ൣ𝒂(𝑝), 𝒂ற(?⃗?)൧ = 𝛿ଷ(𝑝 − ?⃗?)                           
ൣ𝒃(?⃗?), 𝒃ற(?⃗?)൧ = 𝛿ଷ(?⃗? − ?⃗?)                           
                                      (1.3) 
 𝜔 = 𝑝଴ = ඥ𝑝ଶ + 𝑚ଶ is the energy of a free particle, 𝑚 being its mass. 
 𝑔 ෥ is the Fourier transform of the test function 𝑔 
                                                         𝑔෤(?̅?) =
1
൫√2𝜋൯
ସ න 𝑔(𝑦ത) 𝑒
ି௜௣̅௬ത𝑑ସ𝑦ത                                                      (1.4) 
The Klein-Gordon equation 
                                                                     (𝜕ఓ𝜕ఓ − 𝑚ଶ)𝝓(?̅?) = 0                                                               (1.5)  
 
for 𝜇 = 0, … ,3 is satisfied. We study the cases in which the test functions are Gaussian functions 
namely Harmonic Hermite-Gaussian functions introduced and studied in the references [10-12]. If we 
denote the latter 𝑔௡(𝑥)  and their Fourier transforms  𝑔෤௡(𝑝) their expressions are 
ቊ
𝑔௡(?̅?) = 𝑄௡(?̅?)𝑒ିℬഋഌ(௫
ഋି௑ഋ)(௫ഌି௑ഌ)ି௜௉ഋ௫ഋ            
𝑔෤௡(?̅?) = ℛ௡(?̅?)𝑒ି𝒜
ഋഌ൫௣ഋି௉ഋ൯(௣ഌି௉ഌ) ା௜௑ഋ(௣ഋି௉ഋ)
                                                  (1.6) 
in which 𝑄௡(?̅?)  and ℛ௡(?̅?)  are polynomials of degree 𝑛 respectively with variables 𝑥ఓ  and  
variables  𝑝ఓ , 𝜇 = 0,1,2,3 ). 𝑋ఓ and 𝑃ఓ  are respectively the mean values of the variables  𝑥ఓ and 𝑝ఓ 
 
൞
න|𝑔௡(?̅?)|ଶ𝑑ସ?̅? = 1                             න 𝑥ఓ|𝑔௡(?̅?)|ଶ𝑑ସ?̅? =  𝑋ఓ
න|𝑔෤௡(?̅?)|ଶ𝑑ସ?̅? = 1                             න 𝑝ఓ|𝑔෤௡(?̅?)|ଶ𝑑ସ?̅? = 𝑃ఓ    
                         (1.7) 
 
𝒜ఓఔand ℬఓఔ are the components of second order tensors   representing the coordinate and momentum 
dispersion-codispersion operators corresponding to the ground state (n=0) [11-13].   
⎩
⎪
⎨
⎪
⎧න(𝑥ఓ −  𝑋ఓ)(𝑥ఔ −  𝑋ఔ))|𝑔଴(?⃗?)|ଶ𝑑ସ?̅? = 𝒜ఓఔ
න(𝑝ఓ − 𝑃ఓ)(𝑝ఔ − 𝑃ఔ))|𝑔෤଴(?⃗?)|ଶ𝑑ସ?̅? = ℬఓఔ     
𝒜ఓఘℬఘఔ =
1
4
𝛿ఔ
ఓ                                                      
                                                     (1.8) 
The polynomials  𝑄௡(?̅?) and ℛ௡(?̅?) in the relation (1.6) can be expressed in terms of Hermite 
polynomials [11].  
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For the case 𝒜ఓఔ = ℬఓఔ = 0  for 𝜇 ≠ 𝜈, we have uncorrelated Harmonic Hermite Gaussian functions   
 
⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧
𝑄௡(?̅?) = ෑ
𝐻௡ഋ( 
𝑥ఓ − 𝑋ఓ
√2𝒜ఓఓ
)
ට2௡ഋ𝑛ఓ! ( √2𝜋)ଷାଵ√𝒜ఓఓ
ଷ
ఓୀ଴
       
ℛ௡(?̅?) = ෑ
𝐻௡ഋ( 
𝑝ఓ − 𝑃ఓ
√2ℬఓఓ
)
ට2௡ഋ𝑛ఓ! ( √2𝜋)ଷାଵඥℬఓఓ
ଷ
ఓୀ଴
       
                                                   (1.9) 
 
in which 𝐻௡ഋ  is the Hermite polynomials of degree   𝑛ఓ.  For the ground state, 𝑛ఓ = 0 𝑓𝑜𝑟 𝜇 =
0,1,2,3 ,the relations (1.6) give 
 
⎩
⎪⎪
⎨
⎪⎪
⎧𝑔଴(?̅?) =
𝑒ିℬഋഌ(௫ഋି௑ഋ)(௫ഌି௑ഌ)ି௜௉ഋ௫ഋ
ට൫√2𝜋൯
ଷାଵ
∏ (√𝒜ఓఓ)ଷఓୀ଴
         
𝑔෤଴(?̅?) =
𝑒ି𝒜ഋഌ൫௣ഋି௉ഋ൯(௣ഌି௉ഌ) ା௜௑ഋ(௣ഋି௉ഋ)
ට൫√2𝜋൯
ଷାଵ
∏ (ඥℬఓఓ)ଷఓୀ଴
                                                      (1.10) 
 
2. Gaussian functions as test functions  
 
  In this section, we consider the case in which the test function is the Gaussian function 𝑔෤଴(?̅?) (1.10). 
For sake of simplicity we choose 𝑋ఓ = 0. This approach is suggested by the fact that Gaussian 
functions correspond to the normal probability distribution and appear in the modeling of many 
phenomena.  
 
2.1. Calculation of vacuum fluctuation  
Let us consider the vacuum fluctuation  
                                            𝝑(?̅?, 𝑦ത) = ൻ0ห𝝓(?̅?)𝝓ற(𝑦ത)ห0ൿ                                                                          (2.1) 
| 0〉  being the vacuum state and 
                   𝝓ற(𝑦ത) = න
𝑑ଷ?⃗?
൫√2𝜋൯
ଷ
1
√2𝜔
ൣ𝒂ற(𝑝)𝑒௜௣̅.௬ത + 𝒃(𝑝)𝑒ି௜௣̅.௬ത൧𝑔෤଴(𝜔, 𝑝)                                     (2.2) 
We obtain  
                𝝑(𝑥ത, 𝑦ത) = න
𝑑ଷ𝑝
൫√2𝜋൯
ଷ
𝑑ଷ?⃗?
൫√2𝜋൯
ଷ
1
2𝜔
ൻ0ห𝒂(𝑝)𝒂ற(?⃗?)ห0ൿ𝑒ି௜௣̅.(௫̅ି௬ത) 𝑔෤଴(𝜔, 𝑝)𝑔෤଴(𝜔′, ?⃗?)         (2.3) 
 
                                   = න
𝑑ଷ𝑝
(2𝜋)ଷ
1
2𝜔
𝑑ଷ?⃗?𝛿ଷ(?⃗? − ?⃗?)𝑒ି௜௣̅.(௫̅ି௬ത) 𝑔෤଴(𝜔, 𝑝)𝑔෤଴(𝜔′, ?⃗?)                                (2.4) 
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The integration of  (2.4) over ?⃗? gives 
 
                                            𝝑(𝑥ത, 𝑦ത) = න
𝑑ଷ𝑝
2𝜔(2𝜋)ଷ
𝑒ି௜௣̅.(௫̅ି௬ത) [𝑔෤଴(𝜔, 𝑝)]ଶ                                                 (2.5) 
 
This result (2.5) differs from the classical one by the regularizing factor [𝑔෤଴(𝜔, 𝑝)]ଶ. 
Using the expression of 𝑔෤଴ in (1.10) and taking the case  𝑝଴ = 𝜔 we have explicitly 
 
                                   𝝑(𝑥ത, 𝑦ത) = න
𝑑ଷ𝑝
2𝜔(2𝜋)ଷ
𝑒ି௜௣.ഥ (௫̅ି௬ത)
𝑒ିଶ𝒜ഋഌ(௣ഋି௉ഋ)(௣ഌି௉ഌ) 
൫√2𝜋൯
ଷ
∏ (ඥℬఓఓ)ଷఓୀ଴
                                  (2.6) 
 
2.2. Calculation of Feynman propagator  
  
The Feynman propagator in the configuration space is   
 
                                           Δி(?̅? − 𝑦ത) = −𝑖ൻ0ห𝑇{𝝓(𝑥ത)𝝓ற(𝑦ത)}ห0ൿ                                                                (2.7) 
 
in which 𝑇 is the chronological product [1]. 
  
        𝑇൛𝝓(𝑥ത)𝝓ற(𝑦ത)ൟ = ቊ
𝝓(𝑥ത)𝝓ற(𝑦ത)  𝑖𝑓 𝑥଴ ≥ 𝑦଴
𝝓ற(𝑦ത)𝝓(𝑥ത)  𝑖𝑓 𝑦଴ ≥ 𝑥଴
                                                                (2.8)  
then 
 
            ൻ0ห𝑇൛𝝓(𝑥ത)𝝓ற(𝑦ത)ൟห0ൿ = 𝜃(𝑡)ൻ0ห𝝓(𝑥ത)𝝓ற(𝑦ത)ห0ൿ   +  𝜃(−𝑡)ൻ0ห𝝓ற(𝑦ത)𝝓(𝑥ത)ห0ൿ                        (2.9) 
 
in which 𝑡 = 𝑥଴ − 𝑦଴ in natural units (𝑐 = 1) and 𝜃 is the Heaviside function.  
 
Taking into account the expression (1.2) an (2.2) of fields, we obtain 
 
                 ൻ0ห𝑇൛𝝓(𝑥ത)𝝓ற(𝑦ത)ൟห0ൿ = න
𝑑ସ?̅?
(2𝜋)ସ
𝑖[𝑔෤଴(𝑝)]ଶ
[(𝑝଴)ଶ − ൫𝜔௣൯
ଶ + 𝑖𝜀]
𝑒ି௜௣̅.(௫̅ି௬ത)                                    (2.10) 
= න
𝑑ସ?̅?
(2𝜋)ସ
𝑖[𝑔෤଴(𝑝)]ଶ
[(𝑝଴)ଶ − 𝑝ଶ − 𝑚ଶ + 𝑖𝜀]
𝑒ି௜௣̅.(௫̅ି௬ത)                              (2.11)   
                                                                                 
The Feynman propagator in the configuration space is 
 
                     Δி(?̅? − 𝑦ത) = න
𝑑ସ?̅?
(2𝜋)ସ
𝑒ି௜௣̅.(௫̅ି௬ത)
[?̅?ଶ − 𝑚ଶ + 𝑖𝜀]
𝑒ିଶ𝒜ഋഌ(௣ഋି௉ഋ)(௣ഌି௉ഌ) 
൫√2𝜋൯
ସ
∏ (ඥℬఓఓ)ଷఓୀ଴
                                        (2.12) 
 
The Feynman propagator in momentum space is 
  
                              ∆෨ி(?̅?) =
1
[?̅?ଶ − 𝑚ଶ + 𝑖𝜀]
𝑒ିଶ𝒜ഋഌ(௣ഋି௉ഋ)(௣ഌି௉ഌ) 
൫√2𝜋൯
ସ
∏ (ඥℬఓఓ)ଷఓୀ଴
                                                     (2.13) 
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3. Harmonic Hermite-Gaussian functions as test functions  
   We can also use as test functions the Harmonic Hermite-Gaussian functions defined in the relation 
(1.6). The vacuum fluctuation and the Feynman propagators (with 𝑋ఓ = 0 and 𝑝଴ = 𝜔) are in this 
case 
          ൻ0ห𝝓(𝑥ത)𝝓ற(𝑦ത)ห0ൿ = න
𝑑ଷ𝑝
2𝜔(2𝜋)ଷ
𝑒ି௜௣̅.(௫̅ି௬ത)ℛ௡(𝜔, 𝑝)
𝑒ିଶ𝒜ഋഌ൫௣ഋି௉ഋ൯(௣ഌି௉ഌ)
൫√2𝜋൯
ସ
∏ ൫ඥℬఓఓ൯ଷఓୀ଴
                     (3.1) 
               Δி(?̅? − 𝑦ത) = න
𝑑ସ?̅?
(2𝜋)ସ
1
[?̅?ଶ − 𝑚ଶ + 𝑖𝜀]
𝑒ି௜௣̅.(௫̅ି௬ത)ℛ௡(?̅?)
𝑒ିଶ𝒜ഋഌ൫௣ഋି௉ഋ൯(௣ഌି௉ഌ)
൫√2𝜋൯
ସ
∏ ൫ඥℬఓఓ൯ଷఓୀ଴
            (3.2) 
                       ∆෨ி(?̅?) =
1
[?̅?ଶ − 𝑚ଶ + 𝑖𝜀]
ℛ௡(?̅?) 
𝑒ିଶ𝒜ഋഌ൫௣ഋି௉ഋ൯(௣ഌି௉ഌ)
൫√2𝜋൯
ସ
∏ ൫ඥℬఓఓ൯ଷఓୀ଴
                                              (3.3) 
 
The difference between the expressions (2.1), (2,3) and (3.1), (3.2), (3.3) is the presence of the 
polynomials ℛ௡(?̅?) which is reduced to a product of Hermite polynomials in the case of uncorrelated 
variables. 
 
4. Application to one loop scalar Quantum Electrodynamics diagram   
 One loop scalar tadpole diagram contributes to the two point correlation function. We calculate the 
associated amplitude since it is simple and the regularization factor appears.    
 
4.1. Divergence in the framework of standard formulation   
 We apply the above results for the calculation of more complicated entities considered in the scalar 
field theory. Let us, for instance, perform the calculation corresponding to the tadpole diagram which 
appear in the calculation of photon propagator in conventional scalar QED [1] 
 
 
Fig 1.One loop diagram 
 
In old formulation, the amplitude of this tadpole diagram is given by  
                                          ℳఓఔ = 2𝑒ଶ𝑔ఓఔ න
𝑑ସ𝑘ത
(2𝜋)ସ
𝑖
𝑘തଶ − 𝑚ଶ + 𝑖𝜖
                                                             (4.1) 
 
Introducing quadridimensional spherical coordinate (𝑘ா , 𝜗, 𝜃, 𝜑), (4.1) becomes  
ℳఓఔ =
𝑒ଶ𝑔ఓఔ
8𝜋ସ
න න න න
𝑘ா
ଷ
𝑘ா
ଶ + 𝑚ଶ
ଶగ
଴
గ
଴
గ
଴
ାஶ
଴
(𝑠𝑖𝑛𝜗)ଶ(𝑠𝑖𝑛𝜃)𝑑𝑘ா𝑑𝜃𝑑𝜗𝑑𝜑    
                                            =
𝑒ଶ𝑔ఓఔ
4𝜋ଶ
ቈ
𝑘ா
ଶ
2
+
𝑚ଶ
2
ln ቆ
𝑘ா
ଶ
𝑚ଶ
+ 1ቇ቉
଴
ାஶ
                                                             (4.2) 
where 
                                                                  𝑘ா
ଶ = 𝑘଴ଶ + 𝑘ሬ⃗ ଶ                                                                               (4.3)  
The expression (4.2) shows quadratic and logarithmic divergences. In the standard formulation, one 
deals with this divergence using regularization and renormalization techniques [1, 2].  
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4.2. Calculation in the framework of OPVD formulation using Gaussian functions   
Let us now use the Gaussian functions defined in the relation(1.6). The Feynman propagator in 
momentum space is given by the relation (2.13). The analog of the integral (4.1) is then 
 
                                       ℳఓఔ = 2𝑒ଶ𝑔ఓఔ න
𝑑ସ𝑘ா
(2𝜋)ସ
1
𝑘ா
ଶ + 𝑚ଶ
 [𝑔෤଴൫𝑘ா
ଶ൯]ଶ                                                 (4.4) 
                
As we are mainly interested in the study of convergence, we consider the case 
 
൞
𝒜ఓఔ = 0  𝑖𝑓 𝜇 ≠ 𝜈          
𝒜ఓఓ = 𝒜 =
1
4ℬ
              
𝐾ఓ = 0                              
                                                                               (4.5) 
 
The integral (3.8) becomes 
 
                                             ℳఓఔ = 2𝑒ଶ𝑔ఓఔ න
𝑑ସ𝑘ா
(2𝜋)ସ
1
𝑘ா
ଶ + 𝑚ଶ
𝑒ି 
௞ಶమ
ଶℬ
 
                                                    (4.6) 
 
then   
 
                                               ℳఓఔ = 4𝜋ଶ𝑒ଶ𝑔ఓఔ න
𝑘ா
ଷ𝑒ି 
 ௞ಶమ
ଶℬ
 
𝑘ா
ଶ + 𝑚ଶ
ାஶ
଴
𝑑𝑘ா                                                         (4.7) 
Performing the variable change 𝑢 = ௞ಶ
√ଶℬ
, we obtain  
 
                                                  ℳఓఔ =
𝑒ଶ𝑔ఓఔℬ
2𝜋ଶ
න
𝑢ଷ𝑒ି௨మ
 
𝑢ଶ + ( 𝑚
√ℬ
)ଶ
ାஶ
଴
𝑑𝑢                                                           (4.8) 
 
Following the interpretation in the references [11-13], the parameter √ℬ is the common value of the 
uncertainty (statistical standard deviation) on the values of the energy 𝑘଴ and the components 
𝑘௝ (𝑗 = 1,2,3) of the spatial momentum of the particle corresponding to the tadpole.  In the very large 
energy approximation,  ( ௠
√ℬ
)ଶ → 0, the integral (4.8) becomes  
 
                           ℳఓఔ =
𝑒ଶℬ
2𝜋ଶ
𝑔ఓఔ න 𝑢𝑒ି௨
మ 
ାஶ
଴
𝑑𝑢 =
𝑒ଶ
4𝜋ଶ
 ℬ𝑔ఓఔ                                                               (4.9) 
 
As expected, we obtain a finite result. This result relates explicitly the existence of loop in the photon 
propagator of scalar QED to the Heisenberg uncertainty relation. This relation is obvious since the 
Heisenberg principle is already integrated in the representation of quantum phase space formalism.  
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5. Triangle axial anomaly in QED  
Let us use Gaussian test function to calculate diagram in QED which involved current conservation. 
Axial anomaly can be understood by calculating the two triangles graphs   
 
 
The amplitude of the two graphs contributing to the triangle anomaly can be written as [2]   
 
                                                    𝑇௞,ఒ,ఓ (𝑝ଵ, 𝑝ଶ) = 𝐼௞,ఒ,ఓଵ (𝑝ଵ, 𝑝ଶ) + 𝐼ఒ,௞,ఓଶ (𝑝ଵ, 𝑝ଶ)                                        (5.1)   
 
𝐼௞,ఒ,ఓଵ (𝑝ଵ, 𝑝ଶ) is the amplitude of the Graph A and 𝐼௞,ఒ,ఓଵ (𝑝ଵ, 𝑝ଶ) is the amplitude of the Graph B 
 
We will show the conservation of the axial currents at the vertices [2]: 
 
                                                                        (𝑝ଵ + 𝑝ଶ)ఓ𝑇௞,ఒ,ఓ = 0                                                                 (5.2) 
 
Using Feynman rules and after some algebra calculation we obtain for the amplitude 
   
                  (𝑝ଵ + 𝑝ଶ)ఓ൫𝐼௞,ఒ,ఓଵ + 𝐼௞,ఒ,ఓଶ ൯ = 4𝑒²𝜖ఙఒఋ௞ න
𝑑ସ𝑘ത
(2𝜋)ସ
𝑘ఋ
𝑘തଶ
{𝑝ଵఙΔ𝑔෤ − 𝑝ଶఙΔ𝑔෤′}                                (5.3) 
 
where 
                                 
⎩
⎪
⎨
⎪
⎧ Δ𝑔෤ = 𝑔෤ ቆ
𝑘തଶ
2ℬቇ ൥
𝑔෤ ൭
൫𝑘ത − ?̅?ଶ൯
ଶ
2ℬ
൱ − 𝑔෤ ൭
൫𝑘ത + ?̅?൯ଶ
2ℬ
൱൩
Δ𝑔෤′ = 𝑔෤ ቆ
𝑘തଶ
2ℬቇ ൥
𝑔෤ ൭
൫𝑘ത + ?̅?ଵ൯
ଶ
2ℬ
൱ − 𝑔෤ ൭
൫𝑘ത − ?̅?ଵ൯
ଶ
2ℬ
൱൩
                                              (5.4) 
 
The result (5.4) shows that relation (5.2) is satisfied in the limit where ?̅?ଵଶ, ?̅?ଶଶ ≪ 2ℬ. In this limit 
too, 𝑔෤  depends only on the 𝑘ଶ variable everywhere and we have  
 
⎩
⎪
⎨
⎪
⎧Δ𝑔෤ = 𝑔෤ ቆ
𝑘തଶ
2ℬቇ
ቈ𝑔෤ ቆ
𝑘തଶ
2ℬቇ
− 𝑔෤ ቆ
𝑘തଶ
2ℬቇ
቉ = 0
Δ𝑔෤′ = 𝑔෤ ቆ
𝑘തଶ
2ℬቇ
ቈ𝑔෤ ቆ
𝑘തଶ
2ℬቇ
− 𝑔෤ ቆ
𝑘തଶ
2ℬቇ
቉ = 0
                                                                       (5.5) 
 
The conservation of the axial current is then verified by our canonical regularized quantum field.  
It may be shown that we have the conservation of the axial current in general case (see section 6) 
In the following, we will give another Gaussian type function with which we could define a partition 
of unity [5], which is more generalized.  
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6. Field as OPVD with Gaussian test Function    
The amplitude in the OPVD formalism is   
 
                                                                    𝐴 = න 𝑑𝑋 𝑇(𝑋)𝑔(𝑋)
ஶ
଴
                                                                 (6.1) 
 
where 𝑔(𝑋) is the Gaussian test function.The calculation will be done in one dimension for sake of 
simplicity. Four-dimensional extension can be achieved using integration by part.       
 
6.1. Gaussian test function as partition of unity   
We reduce the test function to a partition of unity following the procedure in [5-7] by the convolution 
of the Gaussian function of the form      
  𝑔(𝑥) = ൜𝒩𝑒
ି௫మ  𝑓𝑜𝑟 ‖𝑥‖ < 1
0              𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  
                                                                    (6.2) 
where 𝒩  is a normalization factor. The test function as partition of unity will be denoted 𝑓 and it can 
be tend to 1 over the whole domain in a given limit. 
 
6.2. Construction of the distribution extension in the UV limit  
 
In this section, we use Lagrange formula for the case of large momentum.  In quantum field theory, we 
calculate mostly the amplitude associated to Feynman diagrams. In the OPVD formulation the 
amplitude could be defined as  
   
                                                         𝐴 = න 𝑑𝑋 𝑇ෘ வ(𝑋)𝑓(𝑋)
ஶ
଴
                                                                      (6.3) 
 
where 𝑇ෘ வ(𝑋) is the extension of the distribution  𝑇(𝑋)in the UV limit. This amplitude 𝒜 is 
regularized by the Gaussian test function. 𝑇ෘ வ(𝑋) is useful in higher order calculation since it is 
regular.   
6.3. Extension of  the test function  
 
In order to avoid the pole in the amplitude, we modify the test function by using the Taylor remainder 
[5].  In the UV limit, the test function is equal to its Taylor remainder    
                                   𝑔வ(𝑋) = −
𝑋
𝑘!
න
𝑑𝑡
𝑡
ఎమீഀ(‖௑‖)
ଵ
(1 − 𝑡)௞𝜕௑௞ାଵ ቀ𝑋௞𝑓வ(𝑋𝑡)ቁ                                     (6.4) 
Here, the upper born, 𝜂ଶ𝐺ఈ(‖𝑋‖), is given by the arbitrary choice of a running support. Following the 
procedure described in [5], we change 𝑓வ(𝑋) for this value and get 
                                        𝐴 = − න 𝑑𝑋 𝑇(𝑋)
𝑋
𝑘!
න
𝑑𝑡
𝑡
ఎమீഀ(‖௑‖)
ଵ
(1 − 𝑡)௞𝜕௑௞ାଵ ቀ𝑋௞𝑓வ(𝑋𝑡)ቁ
ஶ
଴
                  (6.5) 
6.4. Extension of the distribution 𝑻(𝑿)  
 
Integrating by parts (6.5) and performing the limit  𝑓வ(𝑋𝑡) → 1, which is now possible since the 
distribution is regularized, we obtain the definition of the extension of the distribution in the UV 
domain [4] [5] [6].   
                                            𝑇ෘ வ(𝑋) =
(−𝑋)௞
𝑘!
𝜕௑௞ାଵ൫𝑋𝑇(𝑋)൯ න
𝑑𝑡
𝑡
ఎమ
ଵ
(1 − 𝑡)௞                                     (6.6) 
 
This Lagrange formula gives a divergence-free contribution.    
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7. Ward-Takahashi identity   
In order to keep the gauge symmetry of the theory, we calculate the Ward-Takahashi identity in one 
loop order. This identity is given by [2] 
 
𝛿𝛤ఓ = −  
𝜕
𝜕𝑝
𝛴(𝑝ଶ)ฬ
ఊ௣ୀ௠
                                                             (7.1) 
where 𝛴(𝑝ଶ) is the selfenergy amplitude at one loop order and  𝛿𝛤ఓ  is the vertex amplitude at one 
loop order. The Ward-Takahashi identity is a powerful tool used in QED to show that the gauge 
symmetry of the theory remains after the regularization procedure [2]. This was used to show that 
some of the conventional regularization procedure breaks the gauge symmetry of the Lagrangian. This 
is the case of dimensional regularization, hard cut-off procedure and so on. Let us calculate the 
amplitude involved in the Ward-Takahashi identity. Two diagrams contribute to this identity at one-
loop order. The first diagram, Graph C, is the self-energy.  In the old fashioned formulation of QED, 
this diagram contribution is UV-divergent. The second diagram, Graph D, is the vertex.  
 
We use the Lagrange formula described above to calculate the two diagrams amplitude.   
7.1. One loop Self-energy diagram (Graph C) 
 
Let us calculate the one loop order contribution to propagator, Graph C.  The amplitude of this is 
obtained by using Feynman rules 
 
                    𝛴(𝑘) = න
𝑑ସ𝑘ത
(2𝜋)ସ
(𝛾ఓ𝑘ఓ + 𝑚)
𝑘തଶ − 𝑚ଶ
𝛾ఈ
−𝑖
൫?̅? − 𝑘ത൯ଶ − 𝜇²
𝛾ఈ𝑔൫𝑘തଶ൯𝑔 ቀ൫?̅? − 𝑘ത൯
ଶቁ                         (7.2) 
in which  
 𝑘ത is the quadri-momentum  
 𝑔 is a factor emerging from the field formulation as Operator valued distribution. A photon 
mass 𝜇 is introduced to avoid IR-divergence [2].   
 𝛾ఈ are the Gamma matrices of Dirac  
 
introducing the Feynman parameterization, the integral becomes   
 
𝛴(?̅?) = න 𝑑𝑥 න
𝑑ସ𝑘ത
(2𝜋)ସ
(2𝑥𝛾?̅? − 4𝑚)
൫𝑘തଶ − 𝑀ଶ(𝑥, ?̅?²)൯ଶ
𝑓ଶ ൬
?̅?. ?̅?
Λଶ
൰
ଶ
𝑓ଶ ቆ
𝑘തଶ
Λଶቇ
 
ଵ
଴
                                (7.3) 
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where 
𝑀ଶ(𝑥, ?̅?ଶ) = 𝑥(1 − 𝑥)?̅?ଶ + 𝑥𝑚ଶ + (1 − 𝑥)𝜇ଶ 
 
and Λ is an arbitrary scale which is related to the dispersion parameter. In order to use the Taylor 
formula we make the variable change 𝑋 = ௞
మ
ஃమ
 
Then  
 
           𝛴൫𝑘ത൯ =
𝑒²
16𝜋²
න 𝑑𝑥[2𝑥𝛾?̅? − 4𝑚] 
ଵ
଴
න 𝜕௑  
𝑋ଶ
(𝑋 + 1)ଶ
𝑑𝑋𝑙𝑛 ቆ
𝜂²
𝑀ଶ(𝑥, ?̅?ଶቇ
ାஶ
଴
𝑓ଶ ቆ𝑋
𝑀ଶ(𝑧, ?̅?ଶ)
Λ²
ቇ                 (7.4) 
  
The integral can be split into the following integrals  
⎩
⎪
⎪
⎨
⎪
⎪
⎧
 
𝐼ଵ = 1 න 𝑑𝑋 
1
(𝑋 + 1) 
∞
଴
𝑓ଶ ቆ𝑋
𝑀ଶ(𝑥, ?̅?ଶ)
Λଶ
ቇ             
𝐼ଶ = −3 න 𝑑𝑋 
1
(𝑋 + 1)ଶ
∞
଴
𝑓ଶ ቆ𝑋
𝑀ଶ(𝑥, ?̅?ଶ)
Λଶ
ቇ         
𝐼ଷ = 2 න 𝑑𝑋 
1
(𝑋 + 1)ଷ
∞
଴
𝑓ଶ ቆ𝑋
𝑀ଶ(𝑥, ?̅?ଶ)
Λଶ
ቇ           
                                  (7.5) 
The application of the Lagrange formula gives  
 
            𝛴(?̅?ଶ) = −
𝛼
4𝜋
න 𝑑𝑥[2𝑥𝛾𝑝 − 4𝑚]
ଵ
଴
𝑙𝑛 ቈ
𝜂ଶΛଶ
𝑥(1 − 𝑥)?̅?ଶ + 𝑥𝑚ଶ + (1 − 𝑥)𝜇ଶ
቉                              (7.6) 
 
The self-energy diagram contribution we obtained is the same as in the dimensional regularization 
procedure. For the Ward-Takahashi identity, we need the derivative of the self-energy. 
  
                           
𝜕
𝜕?̅?
𝛴(?̅?) = −
𝛼
4𝜋
 ቈ𝑙𝑛 ቆ𝜂ଶ
𝛬ଶ
𝑚ଶቇ
− 2𝑙𝑛 ቆ
𝜇ଶ
𝑚ଶቇ
቉ + ℴ ቆ
𝑚ଶ
𝛬²
,
𝜇ଶ
𝛬²
ቇ                                        (7.7) 
 
This result is equivalent to those obtained by conventional calculation up to a constant term which 
could be introduced in the logarithmic part by some basics properties.  
   
7.2. Vertex diagram (Graph D)   
 
The last diagram which contributes to the Ward identity in QED at one loop order is the vertex 
diagram. It involves the coupling between fermion and photon, with a radiative correction [1] [2].  
Let us calculate first the distribution part of the amplitude  
             𝛿Γఓ = න
𝑑ସ𝑘ത
(2𝜋)ସ
1
(𝑘ത − ?̅?)ଶ + 𝜇ଶ
𝛾ఔ
൫𝛾ఓ𝑘ఓ + 𝑚൯
൫𝑘ത + 𝑞ത൯² − 𝑚ଶ
𝛾ఓ
൫𝛾ఓ𝑘ఓ + 𝛾ఓ𝑞ఓ + 𝑚൯
𝑘തଶ − 𝑚ଶ
𝛾ఔ                           (7.8) 
We use the matrix identities 
൜
𝛾ఔ𝛾ఓ𝛾ఔ = −2𝛾ఓ
𝛾ఓ𝑙𝛾ఓ𝛾ఓ𝑙 = 2𝑙ఓ𝑙ఔ𝛾ఔ − 𝛾ఓ𝑙ଶ̅
                                                                     (7.9) 
 
and Feynman parametrization to obtain the vertex contribution    
                𝛿Γఓ =
𝛼
2𝜋
න 𝑑𝑧(1 − 𝑧) න
𝑑ସ𝑙 ̅
(2𝜋)ସ
ቂ− 12 𝛾
ఓ𝑙ଶ̅ + 𝑃(𝑧)𝑚ଶ𝛾ఓቃ
ൣ𝑙ଶ̅ − 𝑀ଶ൧ଷ
ା∞
ି∞
ଵ
଴
 𝑓((𝑘 + 𝑧?̅?)ଶ)                (7.10) 
 
in which  𝑀ଶ(𝑧, ?̅?ଶ) = (1 − 𝑧ଶ)𝑚ଶ + 𝑧𝜇ଶ 
 11 
 
After a variable change and introducing a dimensionless variable X, we obtain   
 
𝛿Γఓ =
𝛼
2𝜋
න 𝑑𝑧 (1 − 𝑧)
ଵ
଴
න 𝑑𝑋 
𝑋(𝑋 − 1)
[𝑋 + 1]ଷ
∞
଴
𝑓ଶ ቆ𝑋
𝑀ଶ(𝑧, ?̅?ଶ)
𝛬² ቇ
                                                (7.11) 
 
We apply the method analog to the self-energy calculation, we then obtain  
 
                         𝛿𝛤ఓ =
𝛼
4𝜋
 ቈ𝑙𝑛 ቆ
𝜂ଶ𝛬ଶ
𝑚ଶ ቇ
− 2 𝑙𝑛 ቆ
𝜇ଶ
𝑚ଶቇ
቉ + ℴ ቆ
𝑚ଶ
𝛬ଶ
,
𝜇ଶ
𝛬ଶቇ
                                                  (7.12) 
 
This result is equivalent to those obtained in others regularizations procedure. In our case the Ward-
Takahashi identity was verified since 
                      𝛿𝛤ఓ = −  
𝜕
𝜕?̅?
𝛴(?̅?ଶ)ฬ
ఊ௣ୀ௠
=  
𝛼
4𝜋
 ቈ𝑙𝑛 ቆ𝜂ଶ
𝛬²
𝑚ଶቇ
− 2𝑙𝑛 ቆ
𝜇ଶ
𝑚ଶቇ
቉ + ℴ ቆ
𝑚ଶ
𝛬²
,
𝜇ଶ
𝛬²
ቇ              (7.13) 
This equation proves that introducing Gaussian as test function reduced to partition of unity provide, 
at one loop order, self-energy and vertex satisfying the Ward-Takahashi identity.    
 
8. Conclusion  
It is shown that Gaussian functions may be used as test function in OPVD formulation of a Quantum 
Field Theory to deal with divergence.  QFT is then defined, not in point space-time but smeared in an 
area described by the Gaussian test function. We see that quantum scalar Fields obey Klein-Gordon 
equations due to the properties of test functions. We obtain expressions of the vacuum fluctuation and 
Feynman propagators which contain Gaussian regularization factor. Loop calculation is performed in 
the case of one loop tadpole diagram and divergence-free result was obtained. 
The Gaussian functions have some mathematical and physical properties which may make this 
approach interesting. The Heisenberg uncertainty principle is incorporated and it is represented by the 
factor  ℬ.  We have considered the case in which the mass m ≪ √ℬ. This case yields finite result and 
we remark that the amplitude is related to the value  ℬ of the dispersion (statistical variance) of the 
energy and components of spatial momentum. The standard QFT correspond to a large value of ℬ. 
The main advantage of this formulation is that it needs no counter-parts to treat divergences in the 
higher order in perturbation theory. The dimension of space-time is not modified like in the 
dimensional regularization.  
In the second part of the work, we reduce the test function in partition of unity. After applying the 
Taylor formula in the singular distribution, we obtain finite amplitude. Gauge and Poincaré invariance 
is kept at one loop level and it was verified by calculating the Ward-Takahashi identity.   
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